Morphological pattern spectra computed from granulometries are frequent/? used to classifi the size classes of details in textures and images. An extension of this technique, which retains information on the spatial distribution of the details in each size class is developed. Algorithms for cornpictation ofthese spatial pattern spectra for a large mrrnber ~$gramrlomerries on binun images ure presented.
Introduction
Cranulometries are powerful multi-scale tools in image analysis. They were developed to study the distribution of pore sizes in porous media I61 (for a recent review see [ 141) .
Granulometries are ordered sets of morphological openings or closings, each of which removes image details helow a certain size. By studying how the image content changes as a function of the tilter's size parameter, it is possible to gain insight into the distribution of details over different size classes. often without prior segmentation ofthe image. The simplest way to do this is through the use ofpatterti spectra which show how the number of foreground pixels in the image changes as a function of the size parameter 151. Here, size is usually defined in terms of the width of objects [7. IO] . though area may be used as well 1121. This information can be used in e.g. soil analysis 1 I I] .
A drawback of the classical definition of pattern spectra is that spatial information, i.e., information about the position of components removed by each lilter, is not included in a pattern spectrum. This effect is demonstrated in tigure 1 . All three binary images in this figure contain the same number of squares in each size category. If we apply use a granulometry consisting of openings by reconstruction with square structuring elements of width A, the resulting pattern spectra are the same for all three images. In fact. no granulometry is capable of separating the patterns, because the only differences between the images lie in the distributions o f t h e connected components, not in their shapes or sizes. This absence of spatial information in pattern spectra is not always a problem. When studying microscopic images of, e.g., cross-sections of metal alloy or mineral samples in which different grains or pores are embedded randomly in the material. spatial information is largely irrelevant. However, this information is essential in, e.g., the study of microbial biofilms or mats [4] , where the distribution of different species of bacteria throughout the ecosystem is sought.
More generally, i f the distribution of details is non-random retaining spatial information may be essential for pattern analysis.
In this paper, a variant of pattern spectra is developed, 1061-4651/02 $17.00 Q 2002 IEEE which I will call spatial parrern specrra. These store not only the number of pixels in each size category, but also informatioi: on the distribution of these details. A subset of these methods ensure rotation, translation and scale invariance of the spatial pattern spectrum.
Besides defining spatial pattern spectra, it is shown that an algorithm based on Nacken's approach to chamfer based granulometries [IO] can be adapted to spatial pattern spectra in the case of binary images.
Theory

Granulometries
Let binary images X and Y be defined as a subset of the image domain M c Z" or R" (usually n = 2). Grey scale images are a mapping from M to Z or R.
Definition 1 A binaiy granulomefiy is a set of operators
{ a v } wirh rfmm some ordered set A (usually A C R or Z).
wirh the following three pmperries
for all T , s E A Since ( I j and (2) . and attribute openings [I] .
Pattern spectra and Opening Transforms
The pattern spectrum 151 s,(X) obtained by applying granulometry { a r } to a binary image X is defined as in which A ( X ) is a function denoting the Lebesgue measure in W". In the case of discrete images, and with T t A c Z,
= #(ar(X)) -#(ar+(x)); (6) with T + = min{r' E A~T ' > 7 ) . and #(X) the number of elements of X.
The opening transform [IO] Cl, of a binary image X for a granulometry a? is 
Spatial pattern spectra
None of the pattern spectra defined above contain any information on the spatial distribution of the details at scale r . They only retain the amount of detail present at that scale. For i = 0 and j = 0 we obtain the standard pattern spectrum. This suggests that computation of patrern moment specrra, can he performed by modification of any existing algorithm for standard pattern spectra. For each r , (S,,,,,,,,(X) )(r) is just the moment of an image, therefore, derived parameters such as coordinates of the centre of mass, (co-)variances, skewness and kurtosis of the distribution of details at each scale can be computed easily. We can then define pattern mean spectra, pattern (co-)variance To compute the pattern moment spectrum, the only thing that needs to be changed is the way S [ R x ( x ) l is incre- [I] . If we wish to use the set of attribute openings { r T A } , with TA = A ( C ) < A, with C a connected set, and spectra. pattenvkurtosis spectra, etc. The pattern mean-z and variance-z spectra (Sz,, and Sc(z,,n) are defined as:
with A ( C ) some increasing attribute of C, we can define the attribute opening transform Rx? as
( 1 1) and likewise for y and pattern skew and pattern kurtosis spectra. Note that these definitions hold only where
For all other values of T they will be defined as zero. Computing these derived spectra has the advantage of reducing the covariance between the different pattern moment spectra. Further post-processing can be done to compute central moments and moment invariant from pattern moment spectra 13. 21.
An Algorithm
In the discussion of the algorithms we will assume that the spectra are stored in an array S with integers T E A c Z.
Nacken [IO] derived an algorithm for computation of 'pattern spectra for granulometries based on openings by discs of increasing radius for various metrics, using the opening transform. He first notes that the pattern spectrum is equal to the in which T,(X) is the conriecred opening of X at position
x. This is just the connected component of X to which x belongs, if x t X , otherwise it is 0. This transform can he computed by Rood-filling each connected component by its attribute value. Once has been computed, the pattern moment spectra of order ij can be computed in the same way as before.
A similar approach can be used for openings by reconstruction, using disc-shaped structuring elements B,. After computing the distance map D.y of image X (for any given metric), we can compute the opening by reconstruction transform ~2 as max{D,y(z')lx' E r , ( X ) ) i f z E X otherwise. In the binary case, Nacken's approach to computation of pattern spectra is readily extended to pattern moment spectra. The method is flexible since computing pattern moment spectra based on different granulometries reduces to compuling different opening transforms.
In the future grey scale versions of these spatial pattern spectra will be developed. I expect that the efficient grey level algorithms for area and attribute pattern spectra [8, 91 can be adapted to spatial pattern spectra as well. flood filling the component with that value. Computing the pattern moment spectra is then performed in the same way as above. Figure 4 shows the pattern mean-x and variance-x spectra derived from the three images in figure I , using the same granulometry. Unlike the standard pattern spectra. these spatial pattern spectra can distinguish the three images.
Discussion
Spatial pattern spectra may form a useful supplement to ordinary pattern spectra, because of their ability to retain spatial information. This feature allows separation of images indistinguishable by standard pattern spectra. Pattern moment spectra. in particular, are easily computed concurrently with computation of the standard pattern spectrum.
Post-processing of these pattern moment spectra can be done to yield a number of easily interpreted spectra, such as pattern mean, variance, skew, and kurtosis spectra, which have reduced covariance compared to the ''raw'' pattern mo-
